We study spin squeezing, an intrinsic quantum property, in the Dicke model without the rotating-wave approximation. We show that the spin squeezing can reveal the underlying chaotic and regular structures in phase space given by a Poincaré section, namely, it acts as an indicator of quantum chaos. Spin squeezing vanishes after a very short time for an initial coherent state centered in a chaotic region, whereas it persists over a longer time for the coherent state centered in a regular region of the phase space. We also study the distribution of the mean spin directions when quantum dynamics takes place. Finally, we discuss relations among spin squeezing, bosonic quadrature squeezing, and two-qubit entanglement in the dynamical processes.
I. INTRODUCTION
Chaos plays a key role in studying the boundary between the classical and quantum worlds not only because of the importance of chaos in classical physics ͓1͔ but also because there is no direct analog of chaos in quantum mechanics. Then, it is natural to study the quantum properties of a Hamiltonian, of which the classical analog is nonintegrable and therefore displays chaotic dynamic behaviors ͓2͔. Various signatures of quantum chaos have been identified, such as the spectral properties of the generating Hamiltonian ͓3͔, phase-space scarring ͓4͔, hypersensitivity to perturbation ͓5͔, and fidelity decay ͓6-9͔, which indicate an underlying chaotic presence in the corresponding quantum dynamics. Recently, the entanglement has been identified as another signature of quantum chaos ͓10-18͔. The entanglement inherent in quantum-chaotic systems can provide a valuable approach to quantum chaos.
Entanglement and squeezing are two typical purely quantum effects. Interestingly, it was found that spin squeezing ͓19-23͔ is closely related to and implies quantum entanglement ͓21͔. To be more exact, if a spin state with a certain parity is spin squeezed according to the definition from Kitagawa and Ueda ͓19͔, a quantitative relation is obtained between the spin squeezing parameter and the concurrence ͓24͔, which quantifies the entanglement of two spin-half particles ͓25,26͔. The close relationship between the entanglement and spin squeezing, as well as the entanglement as a signature of quantum chaos, motivate us to explore the role of spin squeezing in quantum-chaotic spin systems. The relations between light squeezing and quantum chaos have been studied ͓27͔, however, relations between spin squeezing and quantum chaos were less addressed ͓28͔.
The quantum-chaotic properties ͓29͔ of the Dicke model ͑DM͒ without rotating-wave approximation ͑RWA͒ ͓30͔ have been extensively studied, and spin squeezing has also been investigated very recently ͓31,32͔ but without being connected with the chaos. In this work, we consider the quantum DM ͓33-38͔, an interaction model of the radiation field with a collection of two level atoms, which exhibits chaos without RWA. The phase space of the DM is finite, and the Poincaré section of the phase space is compact which allows analysis of quantum and classical dynamics and facilitates the study of the role of spin squeezing in the system. There are several definitions of spin squeezing in the literature ͓19-22͔. Typically, there are two types of spin squeezing defined in spin-j systems from Kitagawa et al. ͓19͔ and Wineland et al. ͓20͔ , where j = N / 2 and N is the number of atoms. In our study, we use the first definition quantified by the following spin squeezing parameter:
where the subscript n ជ Ќ refers to an axis perpendicular to the mean spin direction ͑MSD͒ n ជ 1 = ͗J ជ ͘ / ͉͗J ជ ͉͘, in which the variance ͑⌬J͒ 2 is minimal, and J n ជ Ќ = J ជ · n ជ Ќ . The inequality 2 Ͻ 1 indicates that the system is spin squeezed. We study the dynamical behaviors of the spin squeezing quantified by 2 for specific initial states. In the DM, we show that the spin squeezing disappears after a very short time for an initial coherent state ͑CS͒ centered in a chaotic region, while it persists over a longer time for the initial CS centered in a regular region of the classical phase space. In other words, the spin squeezing can reveal the chaotic and regular structures in phase space.
The paper is organized as follows. In Sec. II, we introduce the DM and its corresponding classical Hamiltonian. In Sec. III, we study in detail dynamical evolutions of spin squeezing parameter and examine distributions of MSDs during the quantum dynamics. The spin squeezing vanishing time is introduced in order to characterize spin squeezing and study classical-quantum correspondence. We make comparisons among the dynamics of the spin squeezing, bosonic quadrature squeezing, and two-qubit quantum entanglement. The conclusions are given in Sec. IV.
II. DICKE MODEL
The DM describes the dipole interaction of N two-level atoms with n bosonic field modes. Here we shall only consider the single-mode radiation field case with n = 1. A standard approach to such quantum-optics Hamiltonian is to make the RWA, rendering the model integrable. We do not make the RWA here, so the DM Hamiltonian is written as ͑ប = 1 hereafter͒
͑2͒
where and 0 are frequencies associated with free Hamiltonians for atoms and field, respectively. R and RЈ are the coupling parameters. The usual RWA is recovered by setting RЈ = 0. The field observables are described by means of the creation and annihilation operators a and a † , j is the length of the collective spin operators, J z is the operator of the atomic inversion, and J Ϯ are the collective atomic pseudospin operators. They satisfy the SU͑2͒ Lie algebra,
The Hilbert space of this algebra is spanned by the Dicke states ͉j , m͑͘m =−j ,−j +1, ... , j −1, j͒, which are the eigenstates of J 2 and J z with the eigenvalues j͑j +1͒ and m. The pseudospin operators act on these states as J Ϯ ͉j , m͘
This model is used to describe both cavity quantum electrodynamics ͑QED͒ experiments ͓39,40͔ and trapped-ion systems, where interactions with different couplings R RЈ can be obtained ͓41,42͔.
In our case, we take the initial states to be CS, namely, minimum uncertainty wave packets centered in the corresponding classical phase spaces, which allows us to explore the relation between the spin squeezing and classical chaos. The initial quantum states chosen in the present study are as follows:
where ͉͘ is a product of the atomic and field CS defined as ͓43͔
Here j = N / 2 and ͉0͘ is the bosonic field ground state. The variables and can be written as a function of the classical variables in the corresponding phase spaces ͓44͔,
where q 1 , p 1 , q 2 , p 2 describe the phase space of the system under consideration with indices 1 and 2 for the atomic and field subsystems, respectively. For spin coherent state ͉͘, the mean atom number ͗N͘ = ͗j + J z ͘ is proportional to the quantity ͉͉ 2 ͓45͔. This state can be regarded as a binomial state which comes from the fact that their atom distribution is simply a binomial distribution, and the absolute value ͉͉ normally ranges between 0 and 1 ͓46͔. For the bosonic coherent state ͉͘, ͉͉ 2 represents the mean photon number, which ranges from 0 to ϱ in principle. The phases of and is from 0 to 2. The classical Hamiltonian corresponding to Eq. ͑2͒ can be obtained by a standard procedure as ͓43,47͔
The classical dynamics associated with this Hamiltonian were explored before ͓44͔. It is shown that the integrable situations are recovered when either R or RЈ is zero. Our aim is to investigate the time evolution of the initially quasiclassical wave packet along with the occurrence of atomic spin squeezing. Particularly, we are looking for the possible differences in the wave-packet dynamics when we compare the case of an initial quantum state centered in a chaotic region and one in a regular region of the classical phase space. The connection with the classical dynamics is established by choosing CSs as initial states centered at the corresponding points of the phase space. Then, we let the system evolve by means of Hamiltonian ͑2͒ and explore the spin squeezing dynamics by solving numerically the Schrödinger equation. In Fig. 1 , we show the Poincaré section of the classical counterpart for the spin degree of freedom defined by the section q 2 = 0 in the four-dimensional phase space so that every time a trajectory pierces this section with p 2 Ͼ 0 or p 2 Ͻ 0 the corresponding point ͑q 1 , p 1 ͒ is plotted. Here, the total energy is fixed at E = 8.5, j =9/ 2, and = 0 = 1. The limit of atomic phase space is indicated by a border at radius equal to ͱ 4j. In the plot, we choose the coupling parameters R = 0.5 and RЈ = 0.2, which yields a mixture of regular and chaotic areas of a significant size. Fixed points and near-periodic orbits surrounded by the chaotic sea are evident.
Here, we choose a relatively lower value of j =9/ 2. Our aim is to study the corresponding relations between spin squeezing and the classical chaotic dynamics, and the classical limit means that the value of particle number N ap- proaches infinity, while the spin squeezing, a typical purely quantum effects, requests a lower value of j = N / 2, which ensures manifestation of quantum properties. So, an intermediate value of j is needed. We have checked the values of j =17/ 2,21/ 2,50/ 2 and found that the results of spin squeezing were qualitatively the same as the case of j =9/ 2. Moreover, in order to compare our results with those on relations between linear entropy and chaos in Ref. ͓11͔, the value j =9/ 2 is chosen.
III. DYNAMICS OF SPIN SQUEEZING
Now, we study dynamics of spin squeezing and first consider the MSDs. It will be found that the MSDs display interesting behaviors due to the presence of quantum chaos.
A. Mean spin directions
According to the definitions of spin squeezing, we first need to know the MSDs determined by expectation values ͗J ␣ ͘ with ␣ ͕x , y , z͖. The mean spin direction n ជ 1 can be written in the spherical coordinate as n ជ 1 = ͑sin cos ,sin sin ,cos ͒, ͑10͒
where and are the polar angle and azimuthal angle, respectively. The angles and are given by
is the magnitude of the mean spin. Here we also give the following two directions: n ជ 2 = ͑ −sin , cos ,0͒ and n ជ 3 = ͑−cos cos , −cos sin , sin ͒, both perpendicular to n ជ 1 . The above expressions are valid for 0,. For =0,, the mean spin is along the Ϯz direction, and the possible choices of can be =0,.
We study quantum dynamics with initial states in different regions of the phase space-chaotic, regular, and intermediate from the regular to the chaotic. For convenience, we fix q 1 = 0 and vary p 1 in Fig. 1͑a͒ . This line on the section includes all these regions we are exploring. For the regular regions, we choose two representative points p 1 = 2.0 and p 1 = −3.5; for the chaotic regions, we choose p 1 = 0 and p 1 = −1.0; and for the intermediate regions, we choose p 1 = 1.5 and p 1 = −1.5.
In Fig. 2 , we plot the MSDs for different initial states with a fixed q 1 = 0 and different p 1 . We observe that the MSDs are localized in a fixed region for initial states centered in a regular region. For p 1 = 2.0, the fixed region is approximately limited to 2 Յ Յ 3 4 . When the initial state is centered in the chaotic region p 1 = 0, the MSDs are randomly over the whole range of and . The case of p 1 = 1.5 displays the intermediate behaviors, with the MSDs localized in a finite region 2 Յ Յ , which is larger than that of the above case of the regular region. With p 1 = −1.0, p 1 = −1.5, and p 1 = −3.5, the MSDs exhibit similar behaviors. Then, from the MSDs, we can qualitatively get some information on the presence of chaos in the system.
B. Spin squeezing
Having known the MSDs, in order to compute the squeezing parameter, we need to know the following minimal variance ͓26͔:
with J n ជ 2 = − J x sin + J y cos , J n ជ 3 = − J x cos cos − J y cos sin + J z sin . ͑13͒
Then, we can numerically calculate the spin squeezing. We choose two fixed points at q 1 =0, p 1 = 2.0 and q 1 =0, p 1 = −3.5, which are in the regular regions, and another two points q 1 =0, p 1 = 0 and q 1 =0, p 1 = −1.0 well in the chaotic sea, and the numerical results of spin squeezing parameter 2 are shown in Fig. 3 . For initial states in the regular region ͓see Fig. 3͑a͔͒ , as the dynamics evolves, the spin squeezing persists over a relatively longer time ͑t Ϸ 9.0͒, whereas the spin squeezing vanishes for states in the chaotic region ͓see Fig. 3͑b͔͒ after a very short time ͑t Ϸ 1.8͒.
From the above plots, we observe that the spin squeezing vanishes at some time after which no squeezing occurs. It will be convenient to define a spin squeezing vanishing time t v , which characterizes how long the spin squeezing survives. By numerical calculations, we find that the vanishing time is Fig. 1͑a͒ . Parameters E = 8.5, j = 4.5, q 2 =0, p 2 Ͼ 0.
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not symmetric as a function of q 1 at a fixed p 1 , which is contrary to our expectations from Fig. 1͑a͒ . In other words, there is no good classical-quantum correspondence. To solve this problem, we find that in fact we need the Poincaré sections for both p 2 Ͼ 0 and p 2 Ͻ 0, which become complete in the phase space. Then, for a point with same chaotic property, there will be two corresponding points ͑for the case of q 1 0͒ in Figs. 1͑a͒ and 1͑b͒ , respectively. This is a key observation, from which we know that there are two initial coherent states correspond to one classical point in phase space. One-to-many correspondence often happens between classical and quantum mechanics. For instance, two different quantum Hamiltonians may correspond to one classical Hamiltonian due to the commuting of two classical variables. Thus, we may define average vanishing time t vm =1/ 2͓t v ͑p 2 Ͼ 0͒ + t v ͑p 2 Ͻ 0͔͒ and plot t vm versus q 1 at a fixed p 1 . As seen from Fig. 4 ͑note that the ranges of q 1 are different in different subfigures͒, we find that the vanishing time is ideally symmetric with respect to q 1 . From Fig. 4͑a͒ ͑p 1 = 2.0͒, a bump region of longer vanishing time is evident, which corresponds to the big regular island in Fig. 1͑a͒ . When p 2 = −1.0, in classical phase space, this line belongs to chaotic region, so the squeezing vanishing time should be small, which is just what we observed in Fig. 4͑b͒ . Here, the vanishing time is small and displays a flat line. When p 1 = −3.5, the line crosses a small regular island. We see a flat region with relatively longer vanishing time in the middle of Fig. 4͑c͒ , which corresponds to the small island. From the above analysis, we have found a good classical-quantum correspondence via the study of spin squeezing vanishing time.
We see that the underlying classical chaos indeed controls the quantum dynamics of spin squeezing in the DM. The spin squeezing is very sensitive to the classical chaos, and the classical chaos suppresses the spin squeezing. In contrast, the classical chaos enhances the bipartite entanglement quantified by the linear entropy in the DM ͓11͔. So, the underlying classical chaos has different effect on the two typical purely quantum-mechanical phenomena; the spin squeezing and the bipartite entanglement.
C. Relations of spin squeezing, bosonic quadrature squeezing, and entanglement
In this section, we will first compare dynamical behaviors between spin squeezing and bosonic quadrature squeezing, and then study the relations between spin squeezing and pairwise entanglement.
Comparison of spin squeezing and bosonic quadrature squeezing
Here, we review bosonic quadrature squeezing. There is a definition of 2 as a bosonic squeezing parameter, which provides an atomic squeezing counterpart to determine whether a state is squeezed. The parameter is given by ͓48͔ 2 = min
where
with X = X 0 and P = X /2 being special cases. So, the minimum value of ͑⌬X ͒ 2 with respect to , and 2 Ͻ 1 indicates the so-called principle squeezing. And the two quadrature operators X and P are given by
where a and a † are the annihilation and creation operators of a boson, respectively. For a quantum state, from Eq. ͑14͒, we obtain 2 = 1 + 2͗a
Having understood the notions of the bosonic quadrature squeezing, we compare the dynamical behaviors of the two types of squeezing. In Fig. 5͑b͒ , we show that the bosonic quadrature squeezing ͑dashed line͒ disappears after a very short time for an initial CS centered in a chaotic region and the spin squeezing disappears as well, while the two squeezings persist over a longer time for the CS centered in a regular region of the classical phase space ͓see Fig. 5͑a͔͒ . In other words, both spin squeezing and bosonic quadrature squeezing can reveal the chaotic and regular structures in phase space.
We also notice that the two squeezing parameters are nearly but not completely identical for low time t. One reason for this behavior is that the two parameters are connected, namely, the spin squeezing parameter reduces to the bosonic one in the limit of large number of atoms N and low excitations ͓49͔. Another reason is that they all start from one. Also, the initial spin coherent state reduces to the bosonic coherent state, and the Hamiltonian reduces to the two-boson Hamiltonian under the same limit. As we choose 0 = , the Hamiltonian is symmetric under swapping of two bosons. However, for larger t, these two parameters become different due to the complexity of interactions between spins and bosons in the Dicke model.
Comparison of spin squeezing and entanglement
The DM describes a collection of N two-level atoms interacting with a single-mode radiation field. Given the N-qubit system, we can study entanglement of a pair of qubits ͑say qubits 1 and 2͒ by tracing out other N − 2 qubits. Entanglement for the two-qubit mixed state 12 =Tr 3,. . .,N ͑͒ can be quantified by the concurrence ͓24͔. The concurrence is defined as
with the quantities i being the square roots of the eigenvalues in nonascending order of the matrix product 12 ͑ 1y 2y ͒ 12 ‫ء‬ ͑ 1y 2y ͒. 12 ‫ء‬ denotes the complex conjugate of 12 . Here, we remove the max function in the usual definition of the concurrence, namely, C Յ 0 implies no entanglement.
In Ref. ͓17͔, it is found that the concurrence is suppressed by chaos in the quantum kicked top model. We will see that the same conclusion holds for our Dicke model. It was known that spin squeezing is closely related to entanglement ͓21͔, and if a state with parity is spin squeezed, the following relation between the squeezing parameter 2 and the concurrence ͓24͔ C is obtained ͓26͔: 2 =1−͑N −1͒C. One should note two conditions for this equality to hold. One is that the spin states must have a fixed parity, and the other is that it must be a spin-squeezed state. If a state is not spin squeezed, we cannot get this relation. For our state vector at time t, usually there is no fixed parity, so we cannot get the simple relation between the spin squeezing parameter 2 and C. In order to make a comparison between spin squeezing and pairwise entanglement, it is convenient to define the following quantity:
and see whether the parameter Ј 2 coincides with 2 . If we use Ј 2 to characterize the pairwise entanglement, it is clear that if Ј 2 Ͻ 1 ͑Ј 2 Ն 1͒, the state is entangled ͑not entangled͒. The numerical results of 2 and Ј 2 versus time are given in Fig. 6 . In Fig. 6͑a͒ , initially, 2 = Ј 2 = 1 since there exists no spin squeezing and no entanglement. As dynamics takes place, 2 and Ј 2 do not always coincide with each other for the regular regions. Especially, between t = 3 and t = 4, there is a clear difference between them. However, in the squeezing area the two parameters coincide very well for the chaotic case in Fig. 6͑b͒ , which indicates that the relation between the squeezing parameter and the concurrence holds, namely, 2 =1−͑N −1͒C. In other words, the excellent agreement between 2 and Ј 2 implies that the spin state may display a parity symmetry. The numerical results also show that the agreement is good when we choose different initial states.
IV. CONCLUSIONS
We have studied the spin squeezing in the DM whose Hamiltonian dynamics is chaotic in the classical limit and found that the underlying chaotic motion greatly affects the spin squeezing properties. Spin squeezing vanishes after a very short time for an initial CS centered in a chaotic region of the phase space, whereas the spin squeezing persists over a longer time for the CS centered in a regular region. Manifestation of chaotic motion is found in the MSDs, which expand over a large area when chaos is present.
As the spin squeezing eventually vanishes in this model, we have defined the squeezing vanishing time to characterize the squeezing properties. We have found a good classicalquantum correspondence via the studies of the vanishing time. We also studied relations among behaviors of spin squeezing, bosonic quadrature squeezing, and the pairwise entanglement. The bosonic quadrature squeezing displays similar behaviors, and close relationship was found between the pairwise entanglement and spin squeezing.
The spin squeezing is very sensitive to the underlying chaos. This means that it is a good indicator of quantum chaos in the DM model. An adequate way of investigating the problem of quantum chaos is by studying the dynamics of intrinsically quantum properties ͓11͔. Spin squeezing is an important purely quantum-mechanical effect, and here we have highlighted the connection between spin squeezing and quantum chaos.
